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Why this paper?

» | find collocation methods fascinating.

» | have not seen collocation applied this way before.

» This paper helps spark ideas to use this approach to set up
optimization problems where a surrogate model is needed.
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Outline
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Collocation Methods

» Numerical methods that approximately solve ordinary
differential equations.

» For ODE
Sx(t) = £t x(1),p), L€ (tosty),
x(to) = xo(p),

the goal is to approximate x(t) by a piecewise polynomial of
degree s whose derivative coincides at given points with the
vector field of the differential equation.
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Collocation Discretization

» Partition tg <ty < ..<tyy1 =1t h;=1ti11—1.

» Approximate ODE solution x by piecewise polynomial x*. On
[ti, tiv1], x? is a polynomial of degree < s.

» Select s points
¢;el0,1], j=1,..,s
and set

tij:ti+cjhia j=1..,s 1=0,..N.
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Collocation Discretization (cont.)

» To determine DoFs, require

» collocation at s points t; + c;h;,

d
pn X (t; + cihi) = £(t; + cjhi, X" (t; + ¢;hi), P),
j=1,..5 i=0,..,N,

P continuity at the subinterval boundaries,
xP(t) =xP ((t;), i€{l,...,N+1},

P initial condition is satisfied,

x{ (to) = Xo(p).

» (1) is a system of nonlinear egns. in the DoFs

(1a)

(1b)

(1)

» Concrete form is determined by choice of polynomial basis.
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Collocation Using Birkhoff Interpolation Basis

» For ce€[0,1],i=0,...,N, we have

°d
0

> x!' is poly. of deg. < s, so £x" is polynomial of deg. < s — 1.

» Represent <x" in Lagrange basis

dati
S T—¢
> — Ck .
Li(r) = g j=1,..s
k=1, 7~k
k£
» Derivative can be written
d Mt +Thy) Z M(ti+ cjhi)
Th;) = c;
a i !
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Collocation Using Birkhoff Basis (cont.)

> Substitute Lagrange representation in integral equation

S c ~ d
X (t + chi) = X1 (t;) + ha Z (/ L, (T)dT) %X?(ti +cjhi).
j=1 70

» Define
o 1
a = [ Gmin b= [ Lo 1<ii<s,
0 0
and
_ .k _uh . h
x; = X5 (ts), Xik = X; (ti + cxhs), Xi = %xi (t: + cihs).
» Gives Integral formulation
Xi1 £(tin,xi + hi 355, a1;%ij, p)
= : . i=0,..,N
Xis f£(tis,xi + hi 325, asjXij, P)

< = Jxo(P), i=0,
! Xi—1+ hi-1 Zj:l bj).(ifl’j, 1€ {1, .,.,N =+ 1}.
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Collocation Using Birkhoff Basis (cont.)

» Define

a1s

a’SS

ti1
t,=| ¢

tis
E RSXS

» Matrix-vector notation of collocation system is

X;=F

(ti,e ®x; + hi(AI)X;,p

Xo (p)a

1=0
Xi—1t+ hifl(b & I)TXifl, 1€ {1, .. N+ ].}

1
e=|:|eR
1
o
b=|:] R’
bs
), i=0,..N  (2a)
(2b)
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Collocation Using Birkhoff Basis (cont.)

» Define
%1 ti1 1
X, D ERTE, b= | e=|:] R’
_Xis tis 1
[a11 a1s 2
A : € R, b=|:| R’
_asl Agg _bs_

» Matrix-vector notation of collocation system is

- XO(p)a . i=0 (2b)
' X1+ hifl(b (39 I)TXifl, 1€ {1, ., N+ ].}

» Above system is an implicit Runge-Kutta method.
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Collocation and IRK Methods

» Matrix-vector notation of collocation system is
Xi:F<ti,e®xi+hi(A®I)Xi,p> , 1=0,..,.N (33)

XO(p)J 1=0 (

X; = .

Xi1+hi1(b@DTX, 1, ie€{l,..,N+1}

3b)

Definition 7.1. Let b;, a;; (i,j=1,...,: s) be real numbers and let ¢; be defined
by (1.9). The method

s

k= f(.z'(J +eh.yy+h Z(lu.kj) € =il mmyd

4= ko)

Y= ;/U+th‘k[

i=1
is called an s-stage Runge-Kutta method. When a;; =0 for ¢ < j we have an
explicit (ERK) method. If a;; = 0 for i < j and at least one a,;; # 0, we have a

Figure: from [Hairer and Wanner, 1996]

» Collocation methods are IRK methods, but the opposite is not
true.
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Takeaway

» Collocation requires that:
1. ODE is satisfied at t;; = t; + cjh; where i =0, ..., N,
j=1,..,s.
2. Piecewise polynomials are continuous at ¢; = t; 0 = t; + coh;
where 1 =0, ..., N.

tio t11 ti2 t13 3,0
too ton to2 togs too t21 to2 l23
— ) —0——0—0— 00— 00— 00— 00— 00—
to t1 to t3

Simplified lllustration with N=3, K=3,
OZCO<01=1/3<62=2/3<03:1.
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1. ODE is satisfied at t;; = t; + cjh; where i =0, ..., N,
j=1,..,s.
2. Piecewise polynomials are continuous at ¢; = t; 0 = t; + coh;
where 1 =0, ..., N.

tio t11 ti2 t13 3,0
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— 0 —0—0— 00— 00— 00— 00— 00—
to t1 to t3

Simplified lllustration with N=3, K=3,
OZCO<01=1/3<62:2/3<03:1.

» How do we choose the points ¢j,j =1, ...,57
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Collocation with Orthogonal Polynomials

» How should we choose collocation points ¢ for best approximation?
» ODE can be written as implicit integral equation
tit1
x(tis) =x(t) + [ £(tx(t).p)dt
t;

and the numerical solution is given by the quadrature formula
x(tis) = +ij Zwﬁh

» Choose c; to maximize exactness of quadrature rule, i.e. roots of
orthogonal polynomials.

» For example, in Gauss quadrature, if the nodes are roots of the sth
degree Legendre orthogonal polynomial, the Gaussian quadrature
formula will be exact for polynomials of degree < 2s — 1.
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Do collocation points always include 0 and 17

Theorem 344A Letc; < cp < -+ < ¢, be chosen as abscissae of the Radau
I, the Radau I or the Lobatto quadrature formula respectively. Then
I For the Radau I formula, ¢; = 0. This formula is exact for polynomials

of degree up to 2s — 2.

II For the Radeu II formula, ¢, = 1. This formula is ezact for polynomials
of degree up to 2s — 2.

IIT For the Lobatto formula, ¢ = 0,c; = 1. This formula is exact for
polynomials of degree up to 2s — 3.

Furthermore, for each of the three quadrature formulse, ¢; € [0,1], for

i=1,2,...,8and b; >0, fori=1,2,...,s.

Figure: Courtesy of [Butcher, 2008, Chapter 34, page 206]

14 /47



Hermite-Simpson Collocation

An implicit Runge-Kutta method of stage 3 and order 4 with the
following Butcher Table

0 0 0 0
1/2 | 5/24 1/3 -1/24
1 |16 2/3 1/6

| 1/6 2/3 1/6

Table: Butcher Table of LobattollA collocation

expressed explicitly as

5 1 —1
Xit1/2 = Xi + hi(ﬂ(ti,xu p) + g(ti+1/2,Xi+1/2, p) + ﬂ(tiﬂ,xiﬂ, P))7
1 2 1
Xit1 = X + hi(g(ti,XuP) + g(ti+1/z,xi+1/2, p) + g(ti+1,xi+1, P))~
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Radau IlA Collocation

An implicit Runge-Kutta method of stage 3 and order 5 with the
following Butcher Table

4—/6 88—7v6 296—169v6  —2436

10 360 1800 225
446 | 29641696 88+7v6 —2-3V6
10 1800 360 225
1 16—v6 16+v6 1

36 36 9
‘ 16—v6 16+6 1
36 36 9

Table: Butcher table of the Radau IIA method, which is the (Flipped)
Legendre-Gauss-Radau collocation.
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Final Takeaway of Collocation

» Collocation methods approximate ODE solution by piecewise
polynomial of certain degree.

» They require roots of orthogonal polynomials.

» They are pseudo-spectral methods, enjoying spectral convergence.
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Paper motivation and setup
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Focus of paper

» Paper focuses on efficient numerical methods for DAE equations
with random/uncertain parameters.

» These parameters are modeled as random variables.

» The resulting DAEs become stochastic equations.
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Problem Setup

» Consider system of DAEs

{F(Ry,y’, -y, p) =0, te(to,T], (4)

g(thy(tO)a"'7y(l)(t0)ap) :07

where y = (y1,...,ys) € R’ are state variables and
p = (p1,...,pn) € RY are parameters of interest.

» Assume parameters pq, ..., py are mutually independent.
» Define z = (21, ..., 2x) € RE as observables.

» Interested in numerically determining the function z(p).
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Probabilistic Framework

> Let p = (p1,...,pn) be an N-variate random vector in probability
space (Q, A, P)

» Let p; : I'; = R* be the PDF of random variable p; and its image
i=pi(Q)eRfori=1,..,N.

» The joint probability density of p = (p1, ..., pn) is
N
p(p) =[] pi(p:)
i=1

with hypercube
N

F:HFieRN.

=1
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Outline

Generalized polynomial chaos (gPC)
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gPC expansion setup

>

Goal is to approximate random function via orthogonal polynomials
of random variables in finite dimensional random space T'.

Define one-dimensional orthogonal polynomial space wrt measure
pi(pi)dp; in T;

whdi = {v Iy —-R:ve span{¢m(pi)}gr§:o}a i=1.,N,

where {¢,,(p;)} are a set of orthogonal polynomials satisfying

The choice of pdfs dictate the type of orthogonal polynomials used.

Uniform dist. is associated with Legendre poly., and Gaussian dist.
is associated with Hermite poly.
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gPC expansion setup (continued)

» Corresponding N-variate orthogonal polynomial space in I' is

Wy = ) Wit

dj<P

» This tensor product is over all possible combinations of multi-index
d = (dq,...,dn) € NY satisfying

N
> di<P
=1

where P is total degree of orthogonal polynomial.

» Basis functions satisfy

/ S (D) bn(2)P(D)dp = Eldn () (1)) = Gy

for all 1 < m,n < dim(Wf) = (N;P).
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gPC approximation

» P-th order gPC approximation of the observable z is

M
)~ P =i = 3 fugmt). M= (V1)

where P is projection operator of I' onto W}, and

S = El2(0)dm(p)] = / () bm(P)pP)dp, M = 1,0 M.

» Define

cq = ||z - ]P)JP\)'Z”Lg(F) = (E[(z(p) — ZJI\D/(P))2])1/2

as mean square error of finite-term gPC approximation.
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Stochastic collocation
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Stochastic collocation approach

» Goal is to find an approximate solution to observable z in form of
gPC expansion as

a . N+ P
) R Tz = () = 3 o (H)om (D), M:( N )

m=1

where I%; is another operator of T onto W1 and
= Zz t,p")pm (P, m=1,..., M.
j=1

» Recall the gPC expansion coefficients

b = El2(0) g (p)] = / (D)o P)pp)dp, ™ =1,..., M.

T

» Notice ©,, approximates Z,, via quadrature with {p’, ozj}?:l as set
of nodes and weights.

» Define mean square error € P2 —PLz }
q o = Iy NELIZI)
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Quadrature Nodes

» For each direction ¢ = 1,.., N, construct a 1D quadrature rule

U= fhad

i=1
based on nodal set

e! = (p, o pit) el

» Optimal choice is quadrature rule based on orthogonal polynomials.

» For N > 1, we get a tensor product formula

e N . . . .
URLf] = U @ U (f1= D e D0 FB1 o) (o o)

ji=1 jn=1
» We need Q = Hf\;l g; = ¢V points if we choose the same number
of points ¢ in each direction.

» Need sparsity!
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Smolyak grids
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Smolyak sparse grids

» First proposed in 1963 [Smolyak, 1963]

» The Smolyak algorithm is a linear combination of product formulas,
and linear combination is chosen in a way than an integration
property for N = 1 is preserved for N > 1.

» The Smolyak algorithm is given by

U= AN = Y (-1l (N‘ 1) Uy © o U,)

. J =il
J-N+1<[i|<J
h s . . . N
where i = (i1,142,...,in) € NV,
» Only need function evaluations on the sparse grid

ey=H(LN)= |J (8, x..x 0})
J-N+1<]i|<J
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Updated nodal set

» The paper uses extrema of Chebyshev polynomials (Clenshaw-Curtis
nodes) as quadrature nodes.

» For any ¢; > 1, the nodes are

i TG -1

. = —Cos =1,...,q;.
pZ qZ_l K ] ) 7%,

» Define p} = 0if ¢, =1 and choose g1 =1, ¢; =271 +1 fori > 1.
» Nodal sets ©} are nested and thus H(J, N) C H(J + 1, N).

» If J= N + P then A(N + P, N) exact for polynomials in W1 and
number of nodes is

P
szmmN+RN»z%N3
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Example

T 0.5 0 0.5 1 - 0.5 0 0.5 1

Figure: N = 2 dimensional nodes based on extrema of Chebyshev
polynomials. Left: 145 points from Level 5 Smolyak grid H(N + 5, N).
Right: 1089 points from tensor product formula. Generated using codes
from [Nobile et al., 2008, Driscoll et al., 2014]
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Collocational Algorithmic Summary

1. Choose collocation nodal set {N,aj}?zl

2. For each j =1,...,Q, numerically solve DAE system with fixed
parameter set pJ (p},...,p%) and evaluate observables Z(p).
(only expensive offline step)

3. Evalute approximate gPC expansion coefficients

W = UL ZD)Gm(P)] = D 20 )om(P)e?, m=1,., M
j=1

4. Construct N-variate, P-th order gPC approximation

M
wjl\jf = W Pm(p), M = (

m=1

N+P
N
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Error Analysis

34/47



What are the errors?

» Recall mean square error of gPC approximation

e = |1z = PRzllez ) = (E[(=(p) — 2R (p)*])/?

» Recall aliasing error of approximating gPC expansions

@ = [lyz — P2l Lz @)

» Define error for numerical scheme employed for computing
numerical solution Z(p?)

EA = mjax|z(pj) —é(pj)|, i=1,..,Q.
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Error superposition

» Proposition 4.1 states that the mean-square error of N-variate,
P-th order gPC stochastic collocation wY; satisfies

€= (/F[Z(p) - wﬁ(p)]zp(p)dp)l/2 <[+ + MAC3)Y?,

where Cg = max,, ’UQ[éﬁm(p)}‘v

> All of these errors can be controlled/refined in practice.
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Numerical Results
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Numerical Example 1

Here we set the observables with the following explicit definition

2 = pr-eP?/(1+p3).
1 (5.1)
29 = cos(p1)In (5 + P +p§) y

where p = (p1, pa2. p3) are three independent Gaussian random variables with zero mean
and standard deviation ¢ = 0.1. This can be considered as an exact solution to cer-
tain differential equations whose dependence in physical space/time has been suppressed.
Therefore, the deterministic numerical error ea (4.16) is eliminated. Corresponding the
Gaussian distribution, the gPC basis functions are Hermite polynomials. The random
space is three-dimensional (N = 3), and we adopt tensor product of one-dimensional
Hermite quadrature as integration rule. Each dimension hpas the same number of node,
¢ =q1 = g2 = g3. and the total number of nodes is Q = ¢°.
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Numerical Example 1 Continued

Figure 2: Mean-square error of model problem (5.1), with increasing order of gPC expansion and different
number of integration nodes in each dimension. Left: errors in z1; Right: errors in z2.

39/47



Numerical Example 2: Cell Signaling Cascade

Here we consider a mathematical model for autocrine cell-signaling loop developed in [22].
Let eyp, €9y, and eg, denote the dimensionless concentrations of the active form of the
enzymes. The model for dynamics of ey, eg,, and ez, has the following form

dé’lp _ I(T) ‘/max.l(l =3 (’11,) ‘/max.Zelp B

a1+ Gyesp K1 + (1 —exp) - Kma+ep &)

d(’ﬁ _ V;naxﬁi(’/lp(l - E21)) _ VmaxACZ]l ) (5.6)
dt K3+ (1 —egp) Kina+eop

(193[7 _ Vnmx.352p(1 == 93[7) . Vmaxﬁ@:%p (57)

dt Kns+(L—esp) Kmg+tes

For detailed biological background of the model, see [22]. In [22], the parameters are chosen
as [X’mJ,ﬁ =02, ‘/HIZIX,I = 0.5, V;nnxfz = O.IS.V;HAXJ; = 0-15-‘/;11ax,4 = 0.15, anx,S =:0:25;
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Numerical Example 2 Continued

Figure 4: Steady input-out behavior computed for several values for gain of the negative feedback Left: de-
terministic simulation. The four curves from top to bottom correspond to G4 = 0,1,2, and 4, respectively.
Right: stochastic computation with 10% uncertainty in parameters Vinax,1— 6 Results of G4 = 0 and G4 = 4
are shown in error bars, with the corresponding deterministic results in dotted lines.

4
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Stochastic Collocation combines advantages of other
methods

» Monte Carlo sampling requires repetitive deterministic simulations
but solution statistics converge relatively slowly.

» Galerkin projection methods and gPC-Galerkin methods enjoy high
accuracy and fast convergence but are intrusive methods (require
modifying eqns) and can be difficult to implement.

» Stochastic collocation algorithm combines advantages of
Monte-Carlo sampling and Galerkin projections.
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Classical Collocation vs Stochastic Collocation

Classical Collocation Stochastic Collocation
points in time/space points in parameter space
solves ODE/PDE at nodes | solves model at parameter samples

interpolates solution builds surrogate
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This research is still relevant today

Computer Methods in Applied Mechanics and
Engineering
Volume 453, 1 May 2026, 118796
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Figure: Left: [Marzouk and Xiu, 2009], Right:[Sharma et al., 2026]
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