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THEOREM 5. Define

Bac=CPD

& :Bar/t — T(V), B Sou(B).

On each compact subset K C Bar/1, the map ® has the following properties.

(1) (Universal) Let f : K — R be continuous. For each € >0, there exists £ in @,,~q(V')*™
(the dual space of the tensor algebra) such that

sup|f(B) — (®(B),£)| <e.
BeK

(2) (Characteristic) Denoting by M the set of Borel probability measures on K, the map
M—=T(V), pu— Egy [@(B)]

is injective.
(3) (Kernelized) Suppose further that V is a Hilbert space. Then the map
k:KxK—R, k(B,B)=(®(B)®(B))

defines a bounded, continuous kernel® which is universal for the space of continuous
functions C(K,R) and characteristic for Borel probability measures on K.
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Discrete signature tensors for persistence landscapes

VINCENZO GALGANO, HEATHER A. HARRINGTON, DANIEL ToOLOSA

Abstract

Signature tensors of paths are a versatile tool for data analysis and machine
learning. Recently, they have been applied to persistent homology, by embed-
ding barcodes into spaces of paths. Among the different path embeddings,
the persistence landscape embedding is injective and stable, however it loses
injectivity when composed with the signature map. Here we address this by
proposing a discrete alternative. The critical points of a persistence landscape
form a time-series, of which we compute the discrete signature. We call this
association the discrete landscape feature map (DLFM). We give results on the
injectivity, stability and computability of the DLFM. We apply it to a knotted
protein dataset, capturing sequence similarity and knot depth with statistical
significance.

Keywords: persistent homology, barcodes, persistence landscapes, feature
maps, time-series, time warping, path signatures, tensors, knotted proteins,
vectorisation.
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Introduction

As the scale and complexity of biological data increases, problems such as interpre-
tation, classification and quantification require advanced mathematical methods for
investigation. Applying persistent homology from topological data analysis to biolog-
ical data provides a geometric interpretation of the shapes of data. Here, we propose
an alternative approach combining persistent homology and nonlinear algebra.




