
 QWhat is a non identifiable model
When we say nonidentifiable we are

referring to whether or not parameters

in a given mathematical model aret
identifiable

model is called stopy if it has many unknownparame
Two classes of Parameter identifiability
Structural A modelproperty Refers to
urethra or not parameters can be uniquely
determined in case where we have infinite
noise free data available

PÉT t property of the model a

specific dataset Refers to how well

parameters can be estimated when

we have a finite noisy dataset
Example

Examples Wewill go back to these once we

develop some tools to solve the identification problem

Structurally non identifiable model
production decay model
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Modeling context

It densityof biological cells
Cells are produced at a constant rate pyo
and cells undergo turo types of linear decay
at rates k and K respectively
K couldrepresent celldeath due to apoptosis
Ks could represent cell death due to necrosis

Exact solution combe computing usingen
integrating factor

Pa Yo a
e

4th t

Goal is to estimate K i ks p from
a particular set of finite noisy data yobs

t

This production decay model is structurally
Non identifiable since it's dynamics is controlled

Kitty so there are infinitely many
choices of that give same values of
k tkz P



Side Note There's software for structural
identification for models DAISY is one

Practical non identifiable model

Spatiotemporal invasion of cell population
W reaction diffusion model in context of a

scratch assay
Modeling Context Cells migrate proliferate leading
Todosure of scratched region
Two cell types we consider

1 Cells in GI phase that fluoresce ved r

2 Cells in 5 62 M phase that fluoresce green g

Model to describe Stratch assay experiment

EFF.li EIii nrenn
211 0922,1 14 1991141
rx.tt o 61 phase cells non

d.me EFTFYf

iffygx t 70 62 phase cells non dimensional density
S x t a x t g x t total non dim density



Parameters Dr Dg Kr kg
diffusivityofcellsinGtphase

llin62kr.JOrate at which cells transition from 61 62

kg 0 rate at which cells transition from 62 36

Solved Numerically through Method of Lines

Turns out that Dr Dg are notwellidantifiedbythedotahm.IT
sare

Makes sense because the solution
of model with reduced or increased Dr
can match data reasonably well with Dg
increased for reduced to compensate

Therefore model is practically non identifiable



It.fi dt itiabifainhkieo
X X2 Xn collection of random samples from

probability distribution with density function f x t

unknown vector of model parameters

Given a realization x x x2 Xn the

likelihood function is defined as

ok I fixii hipster.tn tftftitamrable

Note x will be our observed data yʰˢ
Log likelihood function used for convenience

e x log x log f x t

Note The likelihood function we consider depends

on noise model used to relate individual measurement

to output of the model

Examples Additive Gaussian f will
be the Gaussian distribution



Maximum Likelihood Estimation MLE
Results in the best fit set of

parameters with the following optimization
problem that is solved with the NeldeMed
algorithm with simple bound constraints

MLE argnax l 0 yobs

Normalized log likelihood function I
Convenient ble it sort ofcenters l about max
t 0 y

ˢ
ecolyons e y's

so that

I CFyobs 0
likelihoods not

Asymptotic
confidence sets SI Inmax

at confidencelevel accordingto
We define asymptotic confidence sets ft apps

the parameter with a likelihood based

threshold
Threshold I 9th quantile of X

distribution w
n dof

9 offthen true
Asym cont sets implicitly defined by values of
satisfying I yobs



g
Defines

a region where the true would likely

Profile likelihood for p iameter
identifiability assessment Determines if
parameter is identifiable or not

Partition 4 w

interest nuisance

either tone univariateprofile
or two bivariate profile

contour plot

Profile likelihood function is maymityoiswafixed.ve

Ip 41 jobs argmax I y w y
G w 4

Implicitly defines function w y ofCoptimal
names of w for each value of y

Evaluated on uniform discretization of 4

t reparameterizemodeliflikelihood
assessment says a parameter is not
identifiable

Two Approaches



Intuitive Approach Reparameterize by

Data Based Approach
gussing based on

Meform

G.si i d.EiinEoi ie
at the MLE ICF
eigen decomposition

E 88 190 lysts f 8

k square symmetric.im itIsemi
detinip

7k eigenvalues Vk 7 eigenvectors

Forstructurally non identifiable models
I is vank deficient eigenvectors
associated w zero eigenvalues span
non identifiable parameter space
Eigenvectors associated with non zero
eigenacves span identifiable perram space

For practically non identifiable models I
had full rank

Eigenparameterization
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Regardless of identifiability type the

eigendecomposition of FIM gives way to
combine parameters resulting in a reduced

identifiable model
important sothat a viresponds to anidpdt
mode of information inlikelihood.Devouplyaeffif.it

Uk's are mutually orthogonal engenparameters
k can Itamar a linear combination

of original model parameters Note eigenvector
are normalized

vie Q is

defines in dpt directions of curva

For some problems if s soit i5hktk
with the log parameterization

log xk Vk log Fi

5 Reparameterization can either be
direct or approximate

Direct Apply relation between and
as stated



Approximate Elements of Uk are

close to 0 Smaller terms
are omitted from summation
Leads to reduced model

involving both original
eigenparameters

Likelihood basedPrediction intervals
Variability in yobs Var in var in predict
2 types Exact Approximate

ExactPrediction Intervals

Rejection sampling for using full I
Obtain M Samples m m 1,2 M

Within 95 0 confidence region where

I Amly 1,95k
For each Fm model solved for It

width of distribution of noise



model involved by computing 5 and

95 to quantiles of associated noise
model denote these a05107

2.95
t

With this prediction interval
is LEI E xo.rs t 0.95161

Repeat for each 8m take union
of resulting M prediction intervals

to get exact prediction interval
Accurate for large enough M
Having a large number of unknowns
potentially correlated parameters can

make problem computationally infeasible
to sample full log likelihood

Approximate Profile Wise Prediction
Intervals

Construction is essentially the

same with a few key distinctions
Sample from univariate profile



likelihood function

Ip Yr yobs Yk is kth
scalar interest param k 1,2 K

With rejection sampling they find
M samples of Ukim whim sit

I 4km whim yobs lt
gag

for ke 1,2 k

Construct prediction interval
t Xo 05 t 0.9512 for

M param combinations

Process must be repeated for the
k t remaining unifariate profile
LL function

approximate

Take union over Mxk prediction
intervals
Due to lack of correlation structure
in loglikelihood we can use smallerM
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Model d p kittal x x 170

Recall Exactsolution is

kfat
co
ppm

e

4 40

Want to Estimate kike p from
a finite noisy dataset yo's t

Form ofmodel solution makes model structurally
non identifiable as said before and is clear
there are many choices of 7 that result
in same values for Kitkz p

They generate noisy data w 40 100
true parameter values 10.110.1 1.0

g
s constructed by taking 11 equally spaced
values of x t across 0 5 5 20



2 each value is corrupted w additive
Gaussian mise w o 3 We write this
as distributed

yobs t 0 N xet 02

is solution of jÉ gen
of noise model

Therefore loglikelihood function is

eco yobs log yobs bi ti o

Where

e
Ifillplyosltilsxti.tt

EgE
Downside of using Gaussian noise car lead
to non physical negative densities if p is small

enough or k Kz is large enough

Finding the MLE through solving the optimization
problem results in that maximizes l

1k k p 0.105 0.106 0.966

M



Model w I companes well tonoisydata_

Aretheparameters identifiable Gompute univariate

profile likelihood functions for each
parameter to determine the following

Ip 1T ft

liniemi
threshold

Theseplotsindiatek are not identifiable

no well defined peak for any
k ike

Reparameterization byIntuition
9 4 kit kz p definedby
Model evaluation with the MLE N these parameters
compares well with the data Logelikelihood
function has a single well defined
peak at MLE 1,9 10.210,0966

Both univariate profiles contain a well defined



peak about the MLE

LA
Bivariate profile Normalized loglikelihood function

with MLE as red dot when 1 0
95 threshold is curve

plot indicates
there is a positive

1

correlation between

α 12
The correlation makes intuitive sense Since it
would be possible to match the same set of
data by increasing or decreasing the total
decay rate while simultaneously increasing
or decreasing the production rate 02

Now we want to compute the prediction interval
which quantifies how variability in measurements



translates to variability in predictions

We_use rejection sampling to obtain M 1000

samples of in region where I It
and instruct our prediction interval for

the model solution

As it turns out the correlation structure
in re parameterization makes sampling
within confidence set complicated i e Sampling

does not learn the shape of the set

Reparameterization by Data
We consider a reparameterization of the
full K ka plt by ionsidering
agendecomp of FIM evaluated at MLE

Romputing FIM allows us to see w 3

parameters the 3 3 FIM has rank 2
With one zero eigenvalue



To see why this is based on the form

of our log likelihood function

eco yo's logok toe yoki Itk 1 10 ft
exp ti kitka

that

Therefore

iii

in
Thane the same

therefore eigenvector corresponding to 0
eigenvalue spans non identifiable space

Yaram

The 2 eigenvectors associated with non zero

eigenvalues Span the identifiable parameter

space define a linearrelationshipbetween eigenparameters



model parameters for our data

0013409 0.013409 0.949820
0.706980 0.706980 0.018963

Working with a 192 leads to a

reduced identifiable model

Solution of model evaluated at the MLE

q k fits data well

The loglikelihood function parameterized in
terms of the edgenparameters is characterized

by single well defined peak about MLF

Both of
corresponding univariate profiles

have a single well defined peak about MLE

Note theds estimates of 7 2 can be
meninterpreted through linear equation above

The benefit of working with the eigen



g
parameters clear when 95 confidence
threshold I 10.9 2 is superimposed

on bivariate profile likehood contour

plot which confirms there is a

lack of correlation between α and

I in orthogonal reparameterization

The benefit of eigen repavanterization are

Lack of correlation between and 92
means mapping how variability in

impacts variability in predictions t

is simpler through rejection sampling
Exact likelihood based prediction interval

is accurately approximated by sampling from
2 univariate profile likelihood functions

talling union of profile wise prediction intervals

to give approx prediction interval

Such
accuracy w parameter wise predictions

not always possible when likelihood is
comelated


